Elementary excitations are localized through the effect of noise. In this letter we study noise caused by underdamped vibrations. We find that the frequency of the vibration has a strong effect on the dynamics of the quasiparticles. Quantum coherent oscillations in the system can be present even in the case of strong noise. Two mechanisms are responsible for maxima in the transport efficiency: critical damping in the system due to the overall strength of the coupling to the bath and resonance effects when a vibrational frequency coincides with an energy gap in the system. We find that their interplay determines parameters responsible for maximally efficient transport.
Coupling between local oscillators leads to delocalized modes, band formation, and coherent, wavelike, transport through a system, for example as electron transport in conductors or phonons in solids. If, however, the delocalized quasiparticles interact with the environment, which induces fluctuations in the energies, Anderson localization of the quasiparticle wave function occurs. This is well-known for systems interacting with a static environment, 1 as well as for systems interacting with white noise.
2 For strong noise, coherent transport cannot take place. Little is known about the effect of colored noise on quasiparticle transport. In this letter, we study the dynamics of excitations coupled to a specific type of colored noise caused by interaction of the quasiparticles in the system to underdamped vibrations.
For systems in which the dynamics under observation is much slower than the noise inducing environment, like in liquid state NMR, the white noise approximation is excellent. However, recent optical experiments detect the rapid dynamics of electronic excitations on the time scale of 10s to 100s of femtoseconds in molecular aggregates, 3 light-harvesting systems of bacteria 4, 5 and plants 6 as well as in conjugated polymers 7 and quantum wells. The environment can not be considered fast on this time scale. In particular, in many small organic and biological molecules, the coupling of excitations to vibrations is important. [8] [9] [10] [11] [12] [13] [14] [15] These vibrations function as a source of noise. It has been shown that the noise can, counterintuitively, enhance transport in the system. 16, 17 Here, we focus on noise caused by underdamped vibrations.
Exciton dynamics in the presence of underdamped vibrations has recently attracted much attention as a way to explain quantum beats seen in two-dimensional optical experiments. 4, 18 Resonant vibrations have been proposed as a way to drive exciton coherences in the system.
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It is not yet clear, however, which parameters optimize transport in a system coupled to underdamped vibrations. Resonance between an energy gap in the system and a vibrational mode is one of the relevant processes.
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We study a tight-binding model consisting of N sites with a common ground state and a single excited state each. The excitation energy of site n is denoted ǫ n and the interaction between sites J nm . The Hamiltonian is given in terms of the creation and annihilation operators c † n and c n by
We indicate the dependence on the coordinates of the environment X n , which comprises all degrees of freedom not included in the tight-binding Hamiltonian, and, in particular, vibrations. In principle, these X n 's are operators that must be described by the rules of quantum mechanics. Their correlation function X(t)X(0) is a complex quantity, with its real and imaginary parts balanced by the fluctuation dissipation theorem. However, in the spirit of stochastic modeling, we assume that the X(t) are real functions of time. The energy fluctuations δǫ n are then random variables which follow a certain correlation function. This approximation is valid when the temperature is large compared with the bandwidth of the system. In our numerical simulations, we will consider a dimer with different site energies (heterodimer), where the offset in site energies is ∆ = ǫ 1 − ǫ 2 . Furthermore, we will use the coupling J = −J 12 as the unit of energy.
Although this model is very common, most studies assume that the excitation energies are either static random variables, which are constant in time, 20 or that they can be modeled in the Markov approximation. 16, 17, 21 Here, we consider more general colored noise with a correlation function
We assume that the fluctuations in the sites are uncorrelated and that the correlation functions for each site are the same. We are interested in the dynamics of excitations in the set of states with one excitation present. The wave function ψ for these states is a vector of length N , which can be written in the site basis of local excitations. The dynamics of the system is found by solving the time- dependent Schrödinger equation from a given initial condition. To do this, we first generate trajectories of the random processes ∆ǫ n (t). These trajectories are obtained by applying a linear transformation to sequences of white noise. The transformation matrix is constrained by the desired correlation function and is computed by a Cholesky decomposition 22 of the covariance matrix corresponding to the correlation function. The equation of motion with the time dependent excitation energies is then numerically integrated. Populations and coherences at each time step are found by storing the components of the density matrix ρ nm (t) = ψ n (t)ψ * m (t). The calculation is repeated for many realizations of the random noise and the density matrix is averaged. All simulations in this letter were averaged over 10 4 noise trajectories.
Let us first briefly consider the white noise case. The correlation function is then given by C(t) = Γδ(t), where the constant Γ quantifies the strength of the noise. In this situation, the average over the noise can be performed analytically and leads to the Haken Strobl Reineker model of exciton transport. The equation of motion for the reduced density matrix is found to beρ(
2 . The behavior of the system can be tuned by varying Γ. For small Γ (Γ < Γ critical ) the population of one of the sites as a function of time shows oscillations. Irreversible transport of population from one site to the other is slow. We will refer to this situation as the underdamped regime. For very large Γ, the transport is incoherent (overdamped regime) and slows down with increasing Γ. In between, the critical value of Γ optimizes the transport (critical damping). Although an optimal value of Γ exists, there is broad plateau of values close to the maximum that lead to near-optimum transport.
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For a homodimer (∆ = 0) we find that Γ critical is close to 3J. The coherence still exhibits oscillations for these parameters, which disappear at the value of Γ = 4J found in an analytical calculation based on the eigenvalues of the Liouville operator. In the case of a heterodimer, for ∆ > 2J, the critical value is equal to the energy gap of the system, Γ critical = √ ∆ 2 + 4J 2 .
For colored noise, with more general correlation functions, a similar phenomenon is expected. In the Markovian limit, when the bath time scale is much faster than the system dynamics, the effect of the bath can be understood with an effective damping rate Γ eff = ∞ 0 dtC(t). Thus, a crossover from the overdamped to the underdamped regime is expected when the integral of the correlation function increases. This can be achieved by increasing the strength of the fluctuations, given by C(0), by changing the effective memory time of the bath, or by changing the shape of the correlation function. Although we find that this effective model for the damping does not always hold outside the Markovian limit, it gives useful guidance.
We now turn to colored noise describing the effect of underdamped vibrations on the system. The correlation function is this case is given by
The two parameters Γ 0 /τ and ω describe the strength of the fluctuations and the frequency of the vibration.
The parameter τ models the memory time scale of the bath, which is equal to the inverse damping rate of the vibration. For ω = 0 the correlation function in equation 3 describes overdamped vibrations and can be derived from a Langevin equation driven by a white noise random force. 24, 25 In this case, 1/τ is the Debye frequency. The presence of memory (i.e. τ > 0) can increase the coherence in the system 26 and the exciton diffusion efficiency. Here, we focus on the effect of nonzero ω to describe underdamped vibrations.
The effective damping rate for the correlation function in Eq. 3 is given by
It decreases with increasing ω for fixed Γ 0 and τ . Thus, we expect that a system that is overdamped for low vibrational frequency will change to underdamped behavior for large enough ω. This effect is shown in figure 1 . Because the amplitude of the fluctuations Γ 0 /τ is held constant, this enables coherent behavior of the system even in the presence of strong noise. We also observe that, for fixed Γ 0 /τ and ω, Γ eff has a maximum for τ = 1/ω. Thus, it is possible to change the behavior of the system by controlling τ . This can be achieved in experiment, for example by changing the solvent. The crossover from overdamped to underdamped system dynamics is the first effect that optimizes transport in the system. For fixed values of Γ 0 and τ , optimal transport will occur for a vibrational frequency ω critical . For the correlation function in Eq.3 there is a second mechanism that increases the transport efficiency. We expect the transport efficiency to increase when the environmental vibration is resonant with the energy gap in the system. Thus, for our dimer, the resonance will occur near ωres = √ ∆ 2 + 4J 2 . The resonant vibration can drive transport between the two sites in the system. This effect can be understood as the driving of system dynamics by an external field, here provided by the vibration, in analog to optical driving with a laser. This mechanism has been put forward as a way to regenerate coherence in the system, 14 . Here, we show that it also increases population transport. Thus, there are two mechanisms that control optimal transport in the system. First, the total noise strength, controlled by Γ eff can lead to a crossover from overdamped to underdamped system dynamics. Secondly, a resonant vibration can increase transport.
We now show how these two effects appear in numerical simulations. In figure 2 we plot the population transfer in a heterodimer. Two maxima appear as a function of vibrational frequency. From panel (b), we observe overdamped behavior for low frequency (shown for ω = 0 in the figure). With increasing ω, there is a crossover to underdamped behavior (as seen in the curve for ω = 6J), leading to optimal transport for an intermediate value of ω. Thus, the prediction of Eq.4 of a decrease of the effective noise strength with increasing ω holds, although the numerical value of the vibrational frequency that leads to critical damping is different from the simple estimate Γ eff = Γ critical = √ ∆ 2 + 4J 2 . We attribute the difference to non-Markovian effects. If we keep increasing ω, a resonance of the system with the vibration appears for ω around 8J. Thus, the two maxima in the transport efficiency as a function of ω correspond to the crossover from overdamped to underdamped dynamics, and to the resonance with the vibration. If ω is increased even further, the system dynamics becomes more coherent and the efficiency decreases dramatically. It can be observed that in these simulations the site population approaches 0.5 instead of the correct finite temperature Boltzmann equilibrium at long times. This is a feature of the stochastic method, and shows that the method is valid at high temperature as was mentioned earlier. We note that the effects shown here in the heterodimer are also present in a homodimer where both site energies are equal. Futhermore, the strong increase of the transport in the presence of a resonant vibration is found when the system is underdamped. In the overdamped case, there is almost no effect.
We now show that the combination of the two optimization mechanisms leads to optimal transport. Figure 3 shows the population in the heterodimer for exponentially correlated noise (ω = 0) in the underdamped regime (Γ 0 = 6J) and close to critical damping (Γ 0 = 96J). Also shown is the dynamics in the presence of a resonant vibration. Finally, we plot the system population in the presence of both an overdamped and an underdamped vibration, with the total correlation function
Parameters are given in the figure caption. We observe that the latter case, in which a resonant vibration is present and the system is tuned close to critical damping, gives the most efficient transport. Because the estimate of the effective damping in Eq. 4 does not quantitatively predict the crossover from overdamped to underdamped dynamics in the system, only numerical simulation can predict the parameters that lead to maximum transport efficiency. The combination of the two mechanisms identified in this letter, leading to a resonant frequency ω res and a critical frequency ω critical , leads to optimal transport.
Recent experiments have detected oscillations of coherences in heterodimers, which were attributed to both electronic coherence and vibrational states.
18 Many vibrations with frequencies close to the electronic energy gap were found. Therefore, vibrational resonance effects are expected to play a role in the population dynamics in these systems. Judging from the long life time of the coherent oscillations, the system dynamics is probably in the underdamped limit, suggesting that transfer efficiency can be improved, for example by changing the solvent. Further experiments that detect populations are needed to show the maximum transport efficiency explained in the present letter.
Oscillations of the coherence are not observed in our simulations because of inhomogeneous dephasing. Vibrations which interact with the quasiparticle coherence have a different phase in each realization of the noise. These different phases are averaged, leading to a disappearance of the oscillations. In two-dimensional optical spectra, superpositions with a definite phase are created and inhomogeneous dephasing disappears, thus enabling the observation of mixed excitonic vibronic oscillations.
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In conclusion, we have studied the population transfer in a system coupled to underdamped vibrations. Two mechanisms determine optimal transfer parameters. First, there is a crossover from overdamped to underdamped system dynamics, governed by the total strength of the noise. Second, a vibration resonant with an energy gap in the system can drive population transfer. Optimal transfer is obtained when these two mechanisms coincide. Our method can trivially be applied to arbitrary correlation functions. Correlations between fluctuations on different chromophores can be included as well.
27,28 Future work should consider a quantum mechanical treatment of the environment, thereby including dissipation and finite temperature effects. 29, 30 
